Recently, Sorce and Wald have suggested a new version of the gedanken experiments to overspin or overcharge the Kerr-Newman black holes in Einstein-Maxwell gravity. Following their setup, in this paper, we investigate the weak cosmic censorship conjecture (WCCC) in the static Einstein-Born-Infeld black holes for the Einstein gravity coupled to nonlinear electrodynamics. First of all, we derive the first two order perturbation inequalities of the charged collision matter in the Einstein-Born-Infeld gravity based on the Iyer-Wald formalism as well as the null energy conditions of the matter fields and show that they share the same form as these in Einstein-Maxwell gravity. As a result, we find that the static Einstein-Born-Infeld black holes cannot be overcharged under the second-order approximation after considering these inequalities. Our result at some level hints at the validity of the weak cosmic censorship conjecture for string theory.
I. INTRODUCTION
A naked singularity, which is not hidden behind a black hole horizon will lead to the invalidity of predictability and deterministic nature of general relativity as classical theory. Therefore, Penrose formulated the weak cosmic censorship conjecture (WCCC) to postulate that any physical process cannot destroy the event horizon of the black holes [1] . To test the validity of the WCCC, in 1974, Wald proposed a gedanken experiment to overspin or overcharge an extremal Kerr-Newman (KN) black hole by throwing a test partical [3] . He showed that an extremal KN black hole cannot be destroyed in this way. However, it was found by Hubeny [4] [5] [6] [7] [8] [9] that the nearly extremal KN black hole can be destroyed by absorbing a test particle, which received lots of attention and was followed by extensive studies in various theories [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] .
However, there are two important assumptions underlying the above experiments. The collision matter in consideration is a test particle and the correction of the conserved charges for the black hole is only at the level of the first-order perturbation. Therefore, Sorce and Wald [27] have recently suggested a new version of gedanken experiments where the second-order correction of the mass, angular momentum, and charge are taken into account. In this version, they straightly consider the collision matter source rather than the test particle. Based on the Iyer-Wald formalism [28] as well as the null energy condition, they obtained the first two perturbation inequalities of the collision matters. As a result, they showed that the WCCC is still valid for the KN black holes under the second-order approximation with consideration of the second-order perturbation inequality.
Most recently, this new version has also been studied in the 5-dimensional Myers-Perry black holes [29] , higher-dimensional charged black holes [30] , charged dilaton black holes [31] , RN-AdS black holes [32] as well as * heyanli16@mails.ucas.ac.cn † Corresponding author. jiejiang@mail.bnu.edu.cn
Kerr-Sen black holes [33] . Although they showed that WCCC is well protected for the nearly extremal case of these black holes after considering the second-order perturbation inequality, there is still a lack of the general proof of the WCCC. Therefore, it is necessary for us to test it in various theories, especially those of some remarkable different properties. We can see that all of the theories mentioned above are only coupled to the linear gauge fields. However, if the quantum corrections or the string modifications are taken into account, nonlinear terms of the gauge fields should be added to the Einstein-Hilbert action. Thus, we want to ask whether the WCCC is also valid for the Einstein gravity with nonlinear electrodynamics which is modified by the string theory. And the investigation of the WCCC in these theories can give a further understanding of the causal structure of the string theory. As one of the most interesting gravitational theories coupled to nonlinear electrodynamics, the Born-Infeld electrodynamics is the effective theory of the vector modes of open string and dynamics of D-branes [34, 35] . Therefore, in the following of this paper, we would like to consider the Hubeny scenario in the Einstein-Born-Infeld (EBI) black holes by this new version of gedanken experiments and investigate whether the WCCC can be restored when the second-order correction is taken into consideration.
Our paper is organized as follows. In the next section, we review the Iyer-Wald formalism for general diffeomorphism-covariant theories and show the corresponding variational quantities. In Sec. III, we focus on a static charged black holes and show the corresponding conserved charges in the 4-dimensional Einstein-Born-Infeld gravity. In Sec. IV, we present the setup for the new version of the gedanken experiment and derive the first two order perturbation inequalities for the optimal first-order perturbation of the EBI black holes. In Sec. V, we examine the Hubeny scenario from the new version of the gedanken experiment when the second-order perturbation inequality is considered. Finally, the conclusions are presented in Sec. VI.
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II. IYER-WALD FORMALISM IN A DIFFEOMORPHISM-COVARIANT GRAVITY
The new version of the gedanken experiments proposed by Sorce and Wald to destroy a black hole begins with considering an off-shell variation of a general diffeomorphism-covariant theory on a four-dimensional oriented manifold M with the lagrangian four-form L which is constructed locally out of the metric g ab and other fields ψ. Following the notation in [28] , we use φ = (g ab , ψ) to denote all dynamical fields. Performing a variation of the lagrangian L, we have
where E φ = 0 gives the equations of motion (EOM) of this gravitational theory, and Θ is the symplectic potential three-form which is a linear function of δφ. The symplectic current three-form can be defined by
If the variation is generated by an infinitesimal diffeomorphism which is related to the vector field ζ a , we can replace δ by L ζ in (1). Then, the Noether current threeform J ζ associated with ζ a can be defined by
It has been shown in [28] that this Noether current can be generally expressed by
where Q ζ is the two-form Noether charge related to ζ a and C ζ = ζ a C a are the constraints of the theory, i.e., C a = 0 for the on-shell dynamical fields. By virtue of the diffeomprphism invariance, we can keep ζ a fixed. If ζ a is a Killing vector field and the background fields satisfy the EOM, we can further obtain the first two variation identities of the collision matter,
As mentioned in the introduction, in what follows, we would like to study the static EBI black holes. Therefore, here we consider the case where the background spacetime is asymptotic flat and static with a timelike Killing vector field ξ a which is normalized at asymptotic infinity. Utilizing this Killing vector, the ADM mass of this black hole can be expressed in the following form
After replacing ζ by ξ and integrating the perturbation identities (5) on the hypersurface Σ with a cross section B of the horizon and the spacial infinity as its boundaries, we have
where we denote
III. EBI GRAVITY AND ITS STATIC SOLUTION
In this section, we consider the four-dimensional EBI theory [36, 37] , where the lagrangian can be expressed by the following form
with the nonlinear electromagnetic term
where we denote F = F ab F ab with the electromagnetic strength F = dA, β is the Born-Infeld parameter being equal to the maximum value of electromagnetic field intensity. According to this action, we can obtain the symplectic potential,
with
Here we have defined
The Noether charge is given by
where
The constraints can be shown as
If there are some additional charged matter sources, T ab and j a are nonvanishing and they correspond to the stress-energy tensor as well as the electromagnetic charge-current of the additional matter. And T ab = j a = 0 gives the EOM of the on-shell fields. As mentioned above, here the background spacetime we considered is static, which means
on the horizon. From (12), the symplectic current for the EBI theory can be written as
in which we denote
We next restrict on the static EBI black hole solution in this theory. The line element as well as the electromagnetic field can be read off [37] 
is the blackening factor with
Here we have denoted and 2 F 1 is the Gaussian hypergeometric function, M and Q are associated with the mass and electric charge of this black hole. According to Fig.1 , we can see that this line element (24) has two types of black hole solutions, i.e., the single-horizon and double-horizons black hole solutions. The radius r h of the event horizon is the largest root of f (r h ) = 0. The corresponding surface gravity, area, and electric potential of the black hole can be shown as
For the double-horizons case, there exists an extremal black hole solution. By solving the equations f (r e ) = f (r e ) = 0, we can obtain M = r e 3 + 2r e 3 + 1 6r e β 2 K(r e ) ,
with the horizon radius r e for the extremal EBI black hole.
IV. PERTURBATION INEQUALITIES IN EBI GRAVITY
In this section, following the setup of the new version of gedanken experiments proposed by Sorce and Wald [27] , we turn to derive the second two order inequalities in the EBI gravitational theory based on the null energy condition of the matter fields. Now, we consider the situation where the static EBI black hole is perturbed by a one-parameter family additional charged matter source which is only nonvanishing in a compact region of the future horizon. The EOM of the dynamical fields can be written as
Because the background geometry is the EBI black hole, we have T ab = 0 and j a = 0 for the background fields, where we denote χ = χ(0) to the background quantity χ.
With a similar consideration to [27] , here the EBI black holes are also assumed to be linearly stable under perturbations, i.e., any source-free solution to the linearized equation of motion (24) will approach a perturbation towards another EBI black hole at sufficiently late times. Therefore, we can always choose the hypersurface such that Σ = H ∪ Σ 1 . Here H is a portion of the future horizon which is bounded by the bifurcate surface B of the background spacetime as well as the very late cross section B 1 where the matter source vanishes. Σ 1 is a spacelike hypersurface connected B 1 and spatial infinity where the dynamical fields is described by the static EBI solutions (24). According to above setup, we can see that the perturbation vanishes on the bifurcation surface B. Since the background fields are source free and satisfy the EOM E φ = 0, the first-order perturbation identity (7) can be reduced to
where we used the fact that T ab = j a = 0 in the background spacetime. Without loss of generalization, we can choose the gauge of the electromagnetic field A such that the electric potential Φ = −ξ a A a vanishes at asymptotic infinity. Then, it will be a constant on H. According to the electromagnetic part of (17), we can further obtain
with the electric charge of the black hole
Here we have used the Gaussian theorem as well as the facts that the background field is source free and the current j a vanishes on Σ 1 . Using this result, Eq. (31) becomes
where the null energy condition δT ab k a k b ≥ 0 has been used, and˜ is the volume element on the horizon, which can be obtained from ebcd = −4k [e˜ bcd] with the futuredirected normal vector k a ∝ ξ a on the horizon. From Fig.1 , we can see that for the single-horizon black holes in the EBI theory, the horizons will not be broken, while for the double-horizons black holes, the naked singularity can be obtained by adding the charge of the spacetime, which means the optimal choice to violate the EBI black hole is to saturate (34), i.e., the energy flux through the horizon vanished for the first-order non-electromagnetic perturbation. Then, (34) comes
Next, we consider the second-order perturbation inequality under the above optimal condition. By performing a similar analysis to the first-order result, we can further obtain
Here the integrals in the last two terms only depend on the surface H because the dynamical fields satisfy the source-free EOM on the hypersurface Σ 1 , i.e., we have E φ (λ) = C(λ) = 0 on Σ 1 . At the last step, we used the fact that ξ a is tangent to the horizon. By considering the optimal condition of the first-order perturbation, i.e., δT ab vanishes on the horizon, with similar analysis with the first-order perturbation inequality, Eq. (36) reduces to
where we have used the energy condition for the secondorder perturbed stress-energy tensor of the collision matter in the last step and imposed the condition ξ a δA a | H = 0 by a gauge transformation [27] . The first term of the right side in (37) can be decomposed into
According to [27] , the gravitational part in above expression is given by
For the EBI part, according (21), we have
By considering the gauge condition ξ a δA a = 0 on the horizon as well as the assumption that the background fields satisfy Eq. (19) , the last two terms vanish. Then, Eq. (40) can be written as
Using the Stoke's theorem, the integral over H of the first term on the right side will only contribute a boundary term at B 1 . According to the stability assumption, φ(λ) on B 1 is the EBI solution. That is to say, δG ab also satisfies Eq. (19) . Together with the gauge condition ξ a δA a = 0 on H, the first term of (41) makes no contribution to (40). Combining above results, we have
where we also used the null energy condition for the electromagnetic stress-energy tensor. Finally, (37) reduces to
Now we are left out to evaluate E Σ1 (φ, δφ). To calculate it, we follow the trick introduced in [27] , and write E Σ1 (φ, δφ) = E Σ1 (φ, δφ BI ), where φ BI is introduced by the variation of a family of dilaton black hole solutions (24) ,
where δM and δQ chosen to be in agreement with the first order variation of the above optimal perturbation by the matter source. From the variation (44), one can find δ 2 M = δ 2 Q = δE = δ 2 C = E H (φ, δφ BI ) = 0. Thus, from the second expression of (7), we have
Since ξ a = 0 on the bifurcation surface B, we have
Therefore, the second-order inequality becomes
Here A BI B (λ) is the area of the bifurcation surface B for the static EBI black hole with mass M BI (λ) and charge Q BI (λ). From the line element (24) of EBI black holes, we can see that the right sight of the inequality (47) can be evaluated by taking two variations of the area formula A B = 4πr 2 h . Using the fact that
and taking a variation of this equation, we can obtain
Considering the optimal choice of the first-order perturbation, we can see that the first-order variation of the horizon radius δr BI h vanishes. By taking two variation of equation (48) and using the optimal condition δr BI h = 0, we can further obtain
Then, we have
By using the expression of the surface gravity
the second-order inequality can be further obtained,
V. GEDANKEN EXPERIMENTS TO DESTROY A NEARLY EXTREMAL BLACK HOLE
In the last section, we obtained the first two order perturbation inequalities. Next, we will perform them into testing the WCCC in the EBI black holes under the second-order approximation. As mentioned in the last section, we know that the WCCC is valid for the single horizon EBI black holes and therefore we only discuss the double-horizons cases in the following. For a doublehorizons black hole, there is not a simple formula like the KN black holes for overcharging condition. However, from Fig.1 , we can see that there is a negative minimum value for f (r) for any black hole solutions. If this minimal value becomes positive, the black hole horizon is destroyed. Therefore, here we define a function of λ as
where r m (λ) is defined as the minimal radius of the function f (r, M (λ), Q(λ)), and it can be determined by
which gives
According to the stability assumption, the perturbed geometry at the late times should be described by the EBI solution. That is to say, if there exists a spacetime solution φ(λ) such that h(λ) > 0, the WCCC is violated. Considering the second-order approximation of λ, we have
Taking the variation of (56), we can obtain
Following a similar setup with [27] , here we consider the case where the background geometry is a nearly extremal EBI black hole which satisfies r m = (1 − )r h with some small parameter chosen to agree with the first-order perturbation of the matter source. Then, Eq. (56) implies that
under the first-order approximation of . Therefore, we have
under the second-order approximation of , which gives
Utilizing the optimal condition (35) of the first-order perturbation as well as the second-order inequality (54), together with above results, we can further obtain
under the second-order approximation of the collision matter source. The last step we have replaced r h by the radius r e of the extremal case under the second-order approximation since here we can neglect the difference of r m and r h . The above expression gives h(λ) < 0 under the second-order perturbation, which implies that the EBI black holes cannot be overcharged when the second-order perturbation is taken into account.
VI. CONCLUSION
Recently, Sorce and Wald suggested a new version of gedanken experiments to test the WCCC and found that it is valid for KN black hole under the second-order approximation of the collision matter source. Following this setup, it also has been investigated in various theories [29] [30] [31] 33] . However, all of these theories only considered the case of the gravity coupled to nonlinear electrodynamics. After considering the correction of string theory, nonlinear electrodynamics shall be added to the Einstein gravity. Therefore, in this paper, we considered the EBI gravity and tested the WCCC for its static black hole solutions. First, based on the Iyer-Wald formalism as well as the null energy condition of the matter fields, we derived the first two perturbation inequalities in EBI gravity. As a result, we found that the nearly extremal static EBI black holes cannot be overcharged under the second-order approximation. Therefore, there is no violation of the WCCC occurs around the static black holes in EBI gravity. This result might indicate that once this black hole is formed, it will never be overcharged classically. Moreover, our result at some level hints at the validity of the weak cosmic censorship conjecture for string theory.
